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GROUP THEORY




Let S be a non-empty set. If f: Sx S - Sis a mapping, then fis
called binary operation or binary compositionin S or on S.

Thus if a relation in S such that every pair ( distinct or equal )
of elements of S taken in definite order is associated with a
unique element of S then it is called a binary operation in S.
Otherwise the relation is not binary operation in S and the
relation is simply an operation in S.

Symbolism :

* Fora,beS=>a+beSthen “+“isa binary operationin S.
* Fora,beS=>aebeSthen “e “isabinary operationinS.
* Fora,beS=>aobeSthen “o “isabinary operationinS.
* This also called closure law.



Ex:1. +, e are binary operations in N, since for a,b € N
=>a+beNandaebeN.Inother words N is said to
be closed w.r.t the operation ‘+ “and “ o ¢

2. the operations subtraction ( - ) and division ( +)
are not binary operationsin N for 3, 5 € N does not
imply 3-5¢ N and 3/5 € N.

A non-empty set G equipped with one or more
binary operations is called an algebraic structure or
an algebraic system .

If ‘O “is a binary operation on G, then the algebraic
structure is written as ( G,0).

Ex:(N,+), (Q,-), (R,+) are algebraic structure.



“o0‘is a binary operationin asetS. If fora,b,ceS,
(aob)oc = ao(boc) then ‘0 “ is said to be associative in S .
This is called Associative law . Otherwise ‘ © ‘is said to be
not associativein S ..

Ex:1. + “and ‘. “are associative in N since for a,b,c € N,
(a+b)+c = a+(b+ c) and a(bc)=(ab)c .
2. ‘0" is a composition in R such that aob = a+3b for

a,b e R. Then ‘0’ is not associative in R.

Identity Element :
Let S be a non-empty set and ‘0" be a binary operation on S.
1. If there exists an element e, € S such that e,0a=a for
a € Sthen e, is called a left identity of S w.r.t. the
operation ‘0’



2. If there exists an element e, € S such that aoe,=a for
a € Sthen e, is called a right identity of S w.r.t. the
operation ‘0’ .

3. If there exists an element e € S such that e is both left
and a right identity of S w.r.t. ‘0", then e is called an
identity of S..

Ex: 1.In the algebraic system ( Z,+ ), the number O is an

identity element.
2. In the algebraic system ( R, ¢ ), the number 1 is
an identity element.

Let ( S,0 ) be an algebraic structure with the identity
element e inSw.r.t. ‘0’
i) An element a €S is said to be left invertible or left

regular if there exists an element x € S such that xoa=e.
X is called a left inverse of a, w.r.t. ‘0’ .



ii) An element a € S is said to be right invertible or right
regular if there exists an element y € S such that aoy =e.
y is called a right inverse of a, w.r.t. ‘0’ .

lii) An element x which is both a left inverse and a right
inverse of ‘a’ is called an inverse of ‘a” and ‘@’ is said to
be invertible or regular.

An Algebraic structure ( S,0) is called a semi
Group if the binary operation ‘0’ is associative in S .

Ex: 1. (N,+)isasemiGroup. Fora,beN=>a+beN
and (a+b)+c =a+(b+ ).
2.(Q,-)is notasemiGroup.For5, 3/2,1¢eQdoes
not imply {5-(3/2) } -1 = 5- {(3/2)-1}.



A semi Group ( S,0 ) with the identity element
w.r.t. ‘0" is known as a monoid. i.e (S,0)is a monoid if
S is a non-empty set and ‘O’ a binary operationin S
such that ‘0’ is associative and there exists an identity
element w.r.t. ‘0’ .
Ex: 1. (Z,+) is a monoid and the identity element is O.
2.(Z,.)is amonoid and the identity element is 1.

If G is a non-empty set and ‘0’ is a binary operation
defined on G such that the following three laws are
Satisfied then ( G,0 ) is a group.

i). Associative law

ii). Identity law

iii). Inverse law.

Ex:(Z+),(Q,+), (R,+), (C,+) are all groups.



Note :

i) A group is an algebraic structure. It can also be written by
< G,0 >,

li) A semigroup (G,0)is agroup if identity law and inverse
law are satisfied.

lii) A monoid ( G,0) is a group if inverse law is satisfied.

For the Group a,b € G, aob = boa is satisfied , then ( G,0)
is called an abelian group or a commutative group.
Ex:(Z,+)is a commutative group.

If the set G contains a finite number of elements then the
group ( G,0 ) is called a finite group.
Otherwise the group ( G,0 ) is called an infinite group.



The number of elements in a finite group ( G,0 ) is called
the order of the group and is denoted by O(G). If G is
infinite , then we say that the order of G is infinite.

Thus : i) If the number of elements in a group G is n,
then O(G) = n.

i) If the group G is finite we some times write O(G) < o= .
iii ) If O(G) = 2n, ne N,we say that the group is of even
order.

iv ) If O(G) = 2n-1, ne N we say that the group is of odd
order.

Cancellation Laws :
Let S be non-empty set and O be binary operation on S.
For a,b,c €S,



i) aob =aoc=>b=c (iscalled law )
ii) boa = coa =>b = c (is called law )
i) and (ii) are called

Theorem:
In a group G, identity element is unique.

If possible let e, , e, be two identity elements in the
group ( G,0).
Therefore e,oe, = e,0e, = e, is an identity in G.......... (i)
And e,oe,=e,0e, = e, is anidentityin ............ (ii)
Therefore from (i) and (ii) we get e,=e,
Hence identity element is unique.



In a group G, inverse of any element is unique.

Let e be the identity element in the group (G, e ).
If a € G then a will have an inverse.

If possible, let b, c € G be two inverses of a in G.
Thereforea.b=b.a=eanda.c=c.a=e.

Now c.(a.b)=c.e=c.............. (i)

And c.(a.b) =(c.a).b=e.b=Db ........... (ii)
From (i) and (ii) we get b =c.
Therefore inverse of any element is unique.



Show that set Q, of all +ve rational numbers forms
an abelian group under the composition defined by *
such that a*b =ab/3 fora,b e Q, .

Yol I

Let Q,is the set of all +ve rational numbers and for
a,beq, .

We have the operation * such that a*b=ab /3.

We now prove that ( Q, , * ) is an abelian group .

Let a,beQ, . Thena*b=ab /3 e€Q,
Therefore * is a binary operation in Q, .



Leta,b,ceq..

Now a*(b*c) = a*(bc/3) = a(bc/3) /3 =abc/9
and (a*b)*c =(ab /3 )*c = (ab/3)c /3 =abc/9
Therefore a*(b*c) = (a*b)*c

Therefore * is associative on Q, .

leta€Q,and e € Q, suchthata*e=e*a=a.
Now a*e=a—=—ae /3 =2

—a(e-3)=0 > e-3=0=e=3€Q,
Clearlya*e=a*3=(ax3)/3=a

Therefore “ e “is an element in Q, such that
a*e=e*a=a

Therefore e =3 is the identity element in Q, .



Let a€Q, and beQ, such that a*b =b*a=¢e.

Now a*b=e—ab/3=e—=b=3e/a=9/a.
Therefore for every aeQ, there exists b =9/a € Q, such
that a*b =b*a =e.

Therefore “a” has inverse in Q. .

Fora,beQ, =a*b=Db*a.
Since a*b=ab/ 3 =ba /3 =b*a.
Therefore “ * “ is commutative in Q, .

Hence ( Q. , * ) is an abelian group .



Theorem:
Prove that cancellation laws holds in a group .

Let Gbeagroup.Thenfora,b,ceG;ab=ac=b=c
and ba = ca =b-=c.

Let G be a group and e be the identity in G .
Fora,b,ce G, ab=ac=al(ab)=a?(ac)
—( ata)b = (ata)c
—eb =ec
—b =Cc

—>|eft cancellation law



Similarly ba = ca =(ba)a!=(ca)a
—b(aal) = c(aa?)
—be =ce
—b=c
—right cancellation law

Thereforefora,b,ceG;

ab = ac =b = c (left Cancellation law )
and ba = ca =b=c (right Cancellation law)
Therefore cancellation laws holds in a group .



Theorem:

If every element of a group (G, - ) is its own inverse,
show that ( G, ) is an abelian group .

Given (G, - )isagroup.
Leta, b € G.Byhypothesisal=aandb!=b.
Then ab € G and hence (ab)* = ab.
Now (ab)?!=ab = blal=ab
— ba=ab

= ( G,- ) is an abelian group .



In a group G for a,b € G,
(ab)? = a’b? &G is abelian.

Proof:

Let a, b € G and (ab)? = a%b?

To prove that G is abelian .

Now (ab)?2 = a2b? = (ab)(ab)=(aa)(bb)
—> a(ab)b =a(ab)b
= ba=ab
= G is abelian

Let G be abelian

To prove that (ab)? = a%b?

Now (ab)? = (ab)(ab) = a(ba)b = a(ab)b = (aa)(bb) = a%b?.
Therefore (ab)? = a?b? < G is abelian .



